Abstract. We use the momentum construction of Calabi to study the conical Kähler-Ricci flow on Hirzebruch surfaces with cone angle along the exceptional curve, and show that either the flow Gromov-Hausdorff converges to the Riemann sphere or a single point in finite time, or the flow contracts the cone divisor to a single point and Gromov-Hausdorff converges to a two dimensional projective orbifold. This gives the first example of the conical Kähler-Ricci flow contracting the cone divisor to a single point. At the end, we introduce a conjectural picture of the geometry of finite time non-collapsing singularities of the flow on Kähler surfaces in general.
Introduction
Kähler-Einstein equations with cone singularities along a simple normal crossing divisor have been of contemporary interest to Kähler geometers. While such metrics have been around for some time [14, 40, 44, 46] , they have recently seen a great deal of study and have found important applications to smooth Kähler-Einstein metrics [3, 5, 7, 8, 9, 13, 18, 22, 23, 36, 41] . See also [32] for a general survey of the existing literature.
It is an interesting question to explore the use of parabolic techniques in the conical setting, and one is naturally led to consider the conical Kähler-Ricci flow. This is a parabolic flow of conical Kähler metrics which deforms the smooth part of the metric by the Ricci tensor, and keeps the conical boundary conditions fixed. In this way, the conical Kähler-Ricci flow is a natural generalization of the Kähler-Ricci flow to conic metrics. Ideally, one would hope to smoothly deform an initial conical Kähler metric to a conical Kähler-Einstein metric, if one exists.
The conical Kähler-Ricci flow was first studied in the context of Riemann surfaces [47, 48] , and there have since been a number of results obtained in that setting [26, 30, 31] . In higher dimensions the short time existence was shown by Chen-Wang using Bessel functions [10] (see also Guo-Song [19] for a recent proof using maximum principle arguments), and the long time existence was proved by Shen [34, 33] .
When studying Hamilton's Ricci flow on Riemannian manifolds [21] , one of the key features is that while the flow always smoothes the metric for short times, for longer times the nonlinearities of the flow can cause the metric to become singular in finite time. In real dimension three, Perelman famously used the technique of performing surgeries to continue the flow past the singularity time [28, 29] .
On a Kähler manifold, the Ricci flow is known as the Kähler-Ricci flow and was first studied by Cao [6] using parabolic versions of Yau's estimates [46] . In this setting, the study of the singularities of the flow becomes much more tractable. Song-Tian [35] conjectured that on a Kähler manifold the only surgeries needed to continue the flow past singularities are algebraic surgeries coming from the minimal model program (MMP) which are bimeromorphic with respect to the underlying complex structure. They also conjectured that the Kähler-Ricci flow would carry out an analytic version of the MMP by deforming the initial metric until the flow possibly reaches a finite time singularity. If the volume of the metric tends to zero at the singularity time, the manifold should have the structure of either a Mori fiber space or a Fano manifold; otherwise the volume remains away from zero and one hopes to continue the flow on a new manifold after a bimeromorphic transformation. The bimeromorphic transformation is expected to be precisely that prescribed by the MMP with scaling of the Kähler class [2] , and if such a transformation exists, the flow can be continued in a weak sense on the resulting manifold [35] . Such bimeromorphic transformations can be made to continue the flow at each successive singularity until either the volume goes to zero in finite time, or the flow reaches a manifold on which it exists for all time. In the latter case the final manifold is a minimal model in the sense of MMP [42, 45] , and the normalized flow is expected to converge to a unique singular twisted Kähler-Einstein metric on its canonical model, possibly of lower dimension. That the Kähler-Ricci flow always performs a canonical surgical contraction at finite time non-collapsing singularities is known in dimension two [38, 39] , and the Gromov-Hausdorff convergence to a singular Kähler-Einstein metric on the canonical model is known in dimensions two and three for minimal models of general type [20, 43] . It is known in general that the singularities of the Kähler-Ricci flow always form along an analytic subvariety [12] .
While the conical Kähler-Ricci flow has been studied for many different geometric situations [11, 15, 24, 27, 34, 49] , little is known about the geometry of finite time singularities of the flow in general. It is reasonable to expect that singularities of the conical Kähler-Ricci flow may behave similarly to those of the Kähler-Ricci flow, however the analysis of singularities along the conical Kähler-Ricci flow is complicated by the presence of the cone divisor.
The purpose of this paper is to examine solutions to the conical Kähler-Ricci flow on Hirzebruch surfaces with symmetry and to study the geometry of the singularities that occur. In particular, we show that for some initial conical metrics the flow will contract the cone divisor itself to a single point at the singularity time. That the conical Kähler-Ricci flow can contract the cone divisor is of interest in its own right, but these finite time singularities also show differences from those of the Kähler-Ricci flow on surfaces. First, the variety obtained by the contraction may not be a smooth manifold, but may be only an orbifold in general. Secondly, this demonstrates that the conical Kähler-Ricci flow can contract embedded curves of higher negative self-intersection. This is in contrast to the Kähler-Ricci flow on surfaces, where the only finite time non-collapsing singularities are contractions of curves of self-intersection (−1) [38, 39] and the space obtained after the contraction is always smooth [17] . At the end, we state some further conjectures concerning the geometry of more general finite time non-collapsing singularities on Kähler surfaces and when we expect them to occur. Definition 1.1. Let X be a compact n-dimensional Kähler manifold, and D a smooth irreducible divisor (that is, a compact irreducible codimension one complex submanifold). We say ω * is a conical Kähler metric with cone angle 2πα (0 < α < 1) along D if ω * is a Kähler metric on X \ D, and if for all p ∈ D, ω * is quasi-isometric to the model cone metric
We call β = (1 − α) the weight along D and say ω * is a conical Kähler metric on (X, βD). We also write O X (D) for the holomorphic line bundle associated to D. We say ω(t) is a solution to the conical Kähler-Ricci flow starting with ω * a conical Kähler metric on (X, βD) if it satisfies
in the sense of currents. Here [D] is the current of integration along D, and
is well-defined globally in the sense of currents, and matches the Ricci tensor where ω(t) is smooth.
We now state the main theorem of this paper. 
is a Calabi invariant conical Kähler metric on X with cone angle 2πα along D 0 for all δ > 0 sufficiently small. There are three possible behaviors for the solution to the conical Kähler-Ricci flow (1.1) starting with ω * :
(i) If
then ω(t) contracts the cone divisor D 0 to a point at the singularity time T = ak 2−αk . Moreover, ω(t) converges to ω T a non-negative current which is a smooth Kähler metric on X \ D 0 , and if (X, d) is the metric completion of (X \ D 0 , ω T ), then X is homeomorphic to the projective orbifold P 2 /Z k , and (X, ω(t)) converges to (X, d) in the Gromov-Hausdorff sense as t → T − .
(ii) If
, and (X, ω(t)) converges in GromovHausdorff topology to (P 1 , λω fs ) where λ = 1 (1+α) (k + 2)a + (αk − 2)b and ω fs is the Fubini-Study metric on
then ω(t) exists for all t < T = 2k 2−αk and (X, ω(t)) converges in Gromov-Hausdorff topology to a single point.
Part (i ) provides the first explicit example of the conical Kähler-Ricci flow contracting the cone divisor at the singularity time, and since D 0 has self-intersection (−k), it is the first example of the flow contracting curves of arbitrarily high negative self-intersection on surfaces, in contrast to singularities of the Kähler-Ricci flow on surfaces.
We refer to condition (1.2) as the contracting case, and condition (1.3) as the collapsing case. Condition (1.4) corresponds to the log Fano case and is due to Liu-Zhang [24] (cf. Remark 1.4). , and prove that if k = 1 and 3a < b, then the Kähler-Ricci flow contracts the exceptional curve to a single point at the singularity time and the flow converges to a compact metric space homeomorphic to P 2 . Otherwise, the volume of X converges to zero at the singularity time and the flow converges to either a single point, if k = 1 and 3a = b; or in all other cases, in particular whenever k ≥ 2, the flow converges to (P 1 , λω fs ) for some explicit constant λ > 0 depending only on the initial Kähler class. This behavior of the Kähler-Ricci flow had been conjectured earlier by Feldman-Ilmanen-Knopf [16] .
If we set α = 1 in Theorem 1.2, so the conical Kähler-Ricci flow reduces to the smooth Kähler-Ricci flow, we recover the conditions for contracting the exceptional divisor in the smooth setting as in [37] . (3.2)) and the initial Kähler class is a positive multiple of it. Thus the conical Kähler-Ricci flow will converge in Gromov-Hausdorff topology to a single point at the singularity time as proved by Liu-Zhang [24] . Remark 1.5. Although Theorem 1.2 is stated for Hirzebruch surfaces, the proof can be generalized to arbitrary projective line bundles of positive degree over P n−1 for n ≥ 2 with few changes. Since the phenomena are already apparent in dimension two, we give the proof for Hirzebruch surfaces and leave the statement of the theorem in higher dimensions up to the reader.
The organization of the rest of the paper is as follows. In Section 2 we define Hirzebruch surfaces and the Calabi ansatz. In Section 3 we review relevant estimates along the conical Kähler-Ricci flow without symmetry. In Section 4 we use the Calabi ansatz to reduce the conical Kähler-Ricci flow with symmetry to a scalar parabolic equation. In Section 5 we prove estimates along the flow with symmetry in the contracting case and prove Theorem 1.2.i. In Section 6 we prove estimates for the flow with symmetry in the collapsing case and prove Theorem 1.2.ii. In Section 7 we state some further conjectures for the behavior of finite time non-collapsing singularities of the flow on Kähler surfaces in general, and in Section 8 we outline an example where we expect the Gromov-Hausdorff limit along the conical Kähler-Ricci flow to be a metric with cone singularities along a divisor without simple normal crossing support.
Hirzebruch surfaces and Calabi invariant Kähler metrics
Consider the natural action of U (2) on P 2 fixing a single point which we can take to be
where ζ k is a k th -root of unity. The Z k -action has an isolated fixed point at [1 : 0 : 0], and P 2 /Z k is smooth away from a single orbifold singularity. The blow-up centered at this point is smooth and the blow-up map,
is a biholomorphism on X \ D 0 , where D 0 is the exceptional curve. The U (2)/Z k -action on P 2 /Z k naturally lifts to X, and forms a maximal compact subgroup of its automorphism group [4] . A Kähler metric is said to satisfy the Calabi ansatz if it is invariant under the U (2)/Z k -action on X.
X is then a smooth projective variety, and can be given the structure of a ruled surface over P 1 . That is, there is a map
such that all the fibers are smooth and isomorphic to P 1 . It follows that X is isomorphic to the projectivization of a rank 2 holomorphic vector bundle on P 1 [17] , and
for some k ≥ 1 (we omit the case where k = 0 and X is biholomorphic to P 1 × P 1 ). The complex subvariety corresponding to the zero section of O P 1 (−k) is identified with the exceptional curve in the blow-up construction, and has self-intersection number
Similarly, the subvariety corresponding to the zero section of O P 1 , which we call the infinity section,
is spanned by the Poincaré duals of the zero section and the infinity section [17] . Thus any class ξ ∈ H 1,1 (X, R) can be written in the form
for real constants a, b. The class admits a Kähler metric if and only if 0 < a < b.
Next, we construct U (2)/Z k -invariant metrics on X by working on the total space of the line bundle O P 1 (−k) which is biholomorphic to X \ D ∞ . The line bundle is covered by two charts U and U ′ biholomorphic to C 2 . We let z and w (resp. z ′ and w ′ ) be the coordinates on U with z the base coordinate, and w the fiber coordinate (resp. on U ′ with z ′ and w ′ the base and fiber coordinates), so that D 0 = {w = 0} in this chart. The transition function on the intersection is given by
Let h be a Hermitian metric on O P 1 (−k) with Chern curvature form
where ω fs is the Fubini-Study metric on P 1 satisfying Ric(ω fs ) = 2ω fs
and any such form is positive definite if and only if v ′ (ρ) > 0 and v ′′ (ρ) > 0.
with v ′ > 0 and v ′′ > 0, then ω can be extended to a smooth Kähler metric on X satisfying the Calabi ansatz if and only if there exist smooth functions
If ω is constructed as above, one can check using Poincaré duality that the Kähler class is given by
Estimates along the conical Kähler-Ricci flow
We now recall some of the main results concerning the unnormalized conical Kähler-Ricci flow using smooth approximations.
First, we remark that for any Kähler metric ω 0 and σ a non-trivial section of a holomorphic line bundle, equipped with a Hermitian metric η, whose vanishing locus defines a smooth divisor,
2α η is a conical Kähler metric with cone angle 2πα along D = {σ = 0} for all sufficiently small δ > 0 [32] . Furthermore, following the method of Campana-Guenancia-Pȃun [5] , we can approximate such conical metrics by smooth Kähler metrics of the form
where
and the ω ǫ are smooth Kähler metrics for all ǫ > 0, satisfy ω ǫ ≥ γω 0 for some uniform constant γ > 0, and converge to ω * in the sense of currents and in C ∞ loc (X \ D) as ǫ tends to zero [5, 18] .
Liu-Zhang first used this method of smooth approximation to study the conical Kähler-Ricci flow on log Fano manifolds [24] , and Shen adopted this technique to obtain the following long time existence result for the unnormalized conical Kähler-Ricci flow. 
) is a Kähler class} and the solution is approximated, as ǫ tends to zero, by a sequence of smooth twisted Kähler-Ricci flows
, and the convergence is globally in the sense of currents and in
Thus, if ω 0 is a Kähler metric satisfying the Calabi ansatz, then ω ǫ also satisfies the Calabi ansatz. Moreover, the terms on the right hand side of equation (3.1) are also U (2)/Z k -invariant, so ω ǫ (t) will satisfy the Calabi ansatz as long as the flow exists. Now, if ω ǫ (t) is a solution to the twisted Kähler-Ricci flow (3.1), then the Käher class evolves by
is the first Chern class of X [17] . Thus we can write
In particular, if α and
Next, we recall some further estimates along the conical Kähler-Ricci flow.
Proposition 3.2 (Shen [34]).
If ω ǫ (t) is a solution to the twisted Kähler-Ricci flow (3.1), then for any smooth volume form Ω, there exists a uniform C > 0 independent of ǫ such that
Proof. This estimate is proved in Section 2.1 of [34] , and is equivalent to the uniform upper bound on the time-derivative of the potential.
We have also the following second order estimate.
Proposition 3.3. Let ω(t) be a solution to the conical Kähler-Ricci flow on a Hirzebruch surface X satisfying condition (1.2) of Theorem 1.2. Then as t → T − , ω(t) converges weakly to a non-negative current ω T which is a smooth Kähler metric on X \D 0 and the convergence is in C ∞ loc (X \ D 0 ). Proof. This follows from the proof of Theorem 1.3 in [34] . Indeed under our assumptions
is a Kähler class for all t ∈ [0, T ) for every λ > 0 sufficiently small, and the stable base locus
The conical Kähler-Ricci flow with Calabi symmetry
Now we use Calabi symmetry to reduce the twisted Kähler-Ricci flows (3.1) to a scalar parabolic equation.
First, we remark that dim C H 0 (X, O X (D 0 )) = 1 so that up to scaling there is a unique non-trivial global holomorphic section of this line bundle and this section vanishes to first order along D 0 .
Moreover, in the coordinate chart U the function σ(z, w) = w is holomorphic, vanishes to first order along D 0 , and can be extended to a global holomorphic section of O X (D 0 ).
Next, we define an explicit U (2)/Z k -invariant Hermitian metric on O X (D 0 ) by
and so η 0 is indeed a Hermitian metric on this line bundle.
If η is any other U (2)/Z k -invariant Hermitian metric on this line bundle, then
for some smooth globally defined function ψ = ψ(ρ). In particular, ψ and all its derivatives are uniformly bounded. Up to rescaling η, we can always assume that ψ(0) = 0. We calculate
Next, if ω = √ −1∂∂v(ρ) is a smooth Kähler metric satisfying the Calabi ansatz, then we can calculate the Ricci curvature as follows:
Thus ω ǫ (t) = √ −1∂∂v ǫ (t) solves the smooth twisted Kähler-Ricci flow (3.1) if and only if v ǫ (t) solves the parabolic equation
is chosen so that v ǫ (t, 0) = 0 for all t ∈ [0, T ).
We calculate the following evolution equations for v ǫ :
To control the excess terms in these equations we make use of the following lemma.
then there exists a uniform constant C > 0, independent of ǫ and depending only on ψ, such that
Proof. First, we note that θ is bounded from below,
Next, to estimate
, it suffices to bound |θ ′ /θ|, |θ ′′ /θ|, and |θ ′′′ /θ|. We calculate
and
Combined with (4.5), this proves the estimates.
Estimates Along the Flow with Symmetry in the Contracting Case
In this section we prove estimates on the evolving potential under the assumption that the initial Kähler class satisfies condition (1.2) of Theorem 1.2. In particular, we have that
We first prove estimates on the derivative of the potential. The proof is similar to Lemma 4.4 in [37] .
Lemma 5.1. There is a uniform constant C > 0 independent of ǫ such that
Proof. Define a smooth reference metric
Then v is smooth,
and ω is a smooth Kähler metric in the same class as ω 0 . Thus
is a smooth volume form, and so by Proposition 3.2 there is a uniform constant such that
and therefore (v
from which the desired inequality follows.
The previous lemma could be improved for ρ large by proving a similar estimate for (b t − v ′ ǫ ), however we are primarily concerned with the behavior of v ǫ as ρ → −∞ since the metric is already bounded away from D 0 .
Lemma 5.2. There is a uniform constant C > 0 independent of ǫ such that
While the conclusion of this lemma is similar to Lemma 4.5 in [37] , the extra terms in our parabolic equation result in additional difficulties not present is the proof given there.
Proof. Define
.
We claim that for each ǫ > 0 and t ∈ [0, T ) fixed, H ǫ is bounded from above as ρ → ±∞. Indeed, since ω ǫ (t) remains smooth for all t < T , by Lemma 2.1 there exist smooth functions
so that e.g. as ρ tends to −∞,
where we used that v ′ 0,ǫ (0) > 0 in the final inequality to obtain that the second term is converging to zero. The estimate as ρ tends to +∞ is similar.
Next, we calculate
, and, making use of equations (4.2), (4.3), and Lemma 4.1,
Now fix T ′ < T . If H ǫ achieves its maximum at (x 0 , t 0 ) ∈ R × (0, T ′ ], then by the parabolic maximum principle
Thus we obtain
In particular, since there is a uniform C = C(α, ψ) > 0 independent of ǫ such that
we get that at the point of maximum e Hǫ (x 0 , t 0 ) ≤ C and therefore
Our estimates are independent of T ′ , so letting T ′ tend to T we obtain the uniform bound on R × [0, T ), which gives the desired estimate.
Finally, we prove the Gromov-Hausdorff convergence for the conical Kähler-Ricci flow with symmetry in the contracting case. Lemma 5.3. If ω(t) solves the conical Kähler-Ricci flow (1.1) and satisfies condition (1.2) of Theorem 1.2, then ω(t) converges to ω T a closed non-negative current which is a smooth Kähler metric on X \ D 0 , and if (X, d) is the metric completion of (X \ D 0 , ω T ), then X is homeomorphic to P 2 /Z k , and (X, ω(t)) converges to (X, d) in the Gromov-Hausdorff topology.
Proof. From Lemma 5.1 and Lemma 5.2 it follows that
where a t → 0 as t → T − and C > 0 is independent of ǫ.
We let ǫ i → 0 + be a sequence such that ω ǫ i (t) converges weakly to ω(t) the unique solution of the conical Kähler-Ricci flow on X × [0, T ). Then ω(t) satisfies
. Then by Proposition 3.3, as t → T − , ω(t) converges to a closed non-negative current ω T which is a smooth Kähler metric on X \ D 0 and satisfies
Since we have smooth convergence on compact subsets of X \ D 0 , to determine the metric completion of (X \ D 0 , ω T ) it suffices to determine the metric completion of (W δ \ D 0 , ω T ) where
is an open neighborhood of D 0 for any fixed 0 < δ < 1.
From the birational map (2.1) we obtain a k : 1 covering
The map can be described explicitly onto the charts U and U ′ (cf. Section 2) for
2 ) := (z, w), and similarly,
which is seen to be well-defined and invariant under the Z k -action on C 2 \ {0}. The covering has the property that
where we used that
Note that we have 0 < 2 − αk < 2 by condition (1.2). Thus Φ * ω T ≤ CΦ * ω T = C r 2−αk ω eucl , and therefore if B δ (0) ⊆ C 2 is a Euclidean ball of radius δ > 0, then
is identified with B\{0}, where B ⊆ C 2 is the Euclidean unit ball, and from (5.5) it follows that the metric completion of (Φ −1 (W 1/2 \ D 0 ), Φ * ω T ) is homeomorphic to B, and therefore the metric completion of (W 1/2 \ D 0 , ω T ) is homeomorphic to B/Z k and X is homeomorphic to P 2 /Z k .
Moreover, the diameter bound (5.5) implies that
so that the exceptional curve is indeed contracting to a single point. Using (5.6) and that ω(t) converges to ω T smoothly on compact subsets of X \ D 0 one can show (X, ω(t)) converges to (X, d) in the Gromov-Hausdorff topology, and we have proved part (i ) of Theorem 1.2.
Estimates Along the Flow with Symmetry in the Collapsing Case
Next, we prove estimates on the evolving potential in the collapsing case. If α satisfies conditions (1.3) of Theorem 1.2 then (b t − a t ) → 0 as t → T − , while a t > a T > 0 for all 0 ≤ t < T . We obtain the following estimates on the potential. Lemma 6.1. If α satisfies conditions (1.3) of Theorem 1.2, then there is a uniform constant C > 0, depending on ψ and the initial Kähler class but independent of ǫ, such that the following estimates hold:
This lemma is similar to Lemma 4.1 and Lemma 4.3 in [37] . The proofs of parts (i ), (ii ), and (iii ) use similar methods to those presented in that paper. The proof of part (iv ), however, is complicated by the extra terms in our parabolic equation, and requires a different maximum principle argument.
Proof. Part (i ) follows from convexity of v ǫ and the definition of a t and b t .
Applying the bound in part (i ),
To prove the estimate
we use Lemma 3.2 with ω = √ −1∂∂ v(ρ) the smooth Kähler metric defined in (5.1) and (5.2). We obtain
and so
Using that v ′ ǫ is uniformly bounded away from zero along the flow, we obtain the desired estimate.
To prove part (iv ) we compute the evolution of
where A is a large constant to be determined. We claim that for each t < T fixed, Q is uniformly bounded from above and below independent of ǫ as ρ tends to ±∞. By Lemma 4.1, it suffices to bound |v ′′′ ǫ /v ′′ ǫ | as ρ → ±∞. Since ω ǫ (t) remains smooth for all t < T , by Lemma 2.1 there exist smooth functions
So that as ρ tends to −∞,
The bound as ρ tends to +∞ is similar. Now, fix a time 0 < T ′ < T . If Q achieves a maximum at (x 0 , t 0 ) ∈ R × (0, T ′ ], then at (x 0 , t 0 ),
By the parabolic maximum principle, at (x 0 , t 0 ) we have
where we used Lemma 4.1 and that v ′ ǫ is uniformly bounded away from zero in the last line. Choosing A = C + 1, and using that v ′′ ǫ > 0, we conclude
and therefore on R × [0,
, and since the bound is independent of T ′ < T , letting T ′ tend to T we obtain the estimate on all of R × [0, T ).
The proof of the lower bound can be done similarly by computing the evolution of
at a point of minimum.
Next, the Mean Value Theorem and the bound in part (iv ) imply
from which the bound follows.
From the previous lemma we obtain the following immediate corollaries.
Corollary 6.2. There exists a uniform constant C > 0, independent of ǫ, such that for all t ∈ [0, T )
and the first estimate of Lemma 6.1.iii ; part (ii ) follows from Lemma 6.1.i ; and part (iii ) follows from part (ii ) for the lower bound, and part (i ) for the upper bound using the fact that
defines a conical Kähler metric on X with cone angle 2πα along D 0 , such that the underlying metric space has finite diameter.
We claim that the fibers are uniformly shrinking to a point for any solution to the twisted Kähler-Ricci flow (3.1). Lemma 6.3. Let F y = p −1 (y) for some y ∈ P 1 , then
Moreover, the convergence is uniform in the sense that for any δ > 0 there exists a constant C > 0, independent of ǫ > 0, such that (6.1) sup
Proof. Let δ > 0 be given. 
From the second estimate of Lemma 6.1.iii, there exists a constant C K > 0, depending on K but independent of ǫ, such that
and so we have sup
for C K possibly larger but depending only on K.
It follows that
and so for t sufficiently close to T we have (6.1) uniformly and letting δ → 0 we obtain
for every y ∈ P 1 , and we have proved the lemma.
We are now in a position to compute the Gromov-Hausdorff limit for the twisted Kähler-Ricci flows at the singularity time.
Lemma 6.4. (X, ω ǫ (t)) Gromov-Hausdorff converges to (P 1 , (ka T )ω fs ) as t → T − .
Proof. Let p : X → P 1 be the map giving X the structure of a ruled surface, as in (2.2), and let
be a holomorphic section of the projective line bundle satisfying p • s = Id P 1 and giving an isomorphism of P 1 onto D ∞ ⊆ X. Let δ > 0 be given. We claim that p and s are δ-isometries of (X, ω ǫ (t)) and (P 1 , (ka T )ω fs ) for t sufficiently close to T .
First, by Corollary 6.2.ii and Lemma 6.1 we have
Hence for any y 0 , y 1 ∈ P 1 ,
In particular,
for t sufficiently close to T . Next, there exists C > 0 such that diam(F y , ω ǫ (t)) < δ 4 for all 0 < T − t < C −1 and all y ∈ P 1 . Thus for all x ∈ X we have
and therefore for all x 0 , x 1 ∈ X, using (6.2),
for t sufficiently close to T . Thus
for all x 0 , x 1 ∈ X and t sufficiently close to T , which proves the claim.
Because the estimates are independent of ǫ > 0 we obtain the following estimates for ω(t) solving the conical Kähler-Ricci flow, and complete the proof of Theorem 1.2.ii.
Corollary 6.5. There exists a uniform constant C > 0, such that for all t ∈ [0, T ): y , ω(t)) = 0 for all y ∈ P 1 and the convergence is uniform. (v) (X, ω(t)) converges to (P 1 , (ka T )ω fs ) in Gromov-Hausdorff topology as t → T − .
Proof. Let ǫ i → 0 + be a subsequence such that ω ǫ i (t) converges to ω(t), the solution to the conical Kähler-Ricci flow, weakly on X × [0, T ) and in
The estimates (i ) and (ii ) of Corollary 6.2 are independent of ǫ, so we obtain estimates (i ) and (ii ) on the solution to the conical Kähler-Ricci flow. Part (iii ) then follows from estimates (i ) and (ii ). Part (iv ) follows by the same proof as in Lemma 6.3, and part (v ) follows by the same argument as in Lemma 6.4 using the fact that ω(t) remains smooth across D ∞ for all t ∈ [0, T ).
Further conjectures
We now illustrate a conjectural picture to describe the types of finite time non-collapsing singularities we expect for the conical Kähler-Ricci flow on surfaces.
Let X be a smooth compact Kähler surface, and D = i β i D i an R-divisor with coefficients 0 < β i < 1, with D i smooth irreducible divisors, and with D having simple normal crossing support. Let ω(t) be a solution of the conical Kähler-Ricci flow starting with an initial conical Kähler metric on (X, D), that is with cone angles 2π(1 − β i ) along D i for each i (see e.g. [32, 40] for a definition of conic metrics with cone angles along a divisor with simple normal crossing support). Suppose ω(0) ∈ [ω 0 ], and assume ω(t) reaches a finite time non-collapsing singularity at T < ∞.
We conjecture that at the singular time, the conical Kähler-Ricci flow must contract some collection of disjoint curves E 1 , ..., E ℓ which are non-singular and isomorphic to P 1 . For such curves we must have
Note: the volume of E i may not be well-defined if E i is an irreducible component of the cone divisor D, in this case the volume can then be defined using cohomology.
In terms of the intersection ring, the previous condition implies the necessary condition:
where K X is the canonical bundle of X.
is a big and nef class such that
By the Hodge Index Theorem [1] it follows that E 2 i ≤ −1 for each i and 0
for any i and j. In particular, E i · E j = 0 for i = j, and thus the E i are disjoint. Now, recall the adjunction formula on surfaces for smooth embedded curves from algebraic geometry:
where g(E) is the geometric genus of E. The curves must fall into one of the three following types: (i) E is disjoint from the support of D. In this case E · D = 0, and thus K X · E < 0, and by adjunction, g(E) = 0, E 2 = −1, and E ∼ = P 1 . In other words, E is a (−1)-curve.
(ii) E is an irreducible component of the support of D. Write D = D ′ + βE, where D ′ is an effective divisor without E as an irreducible component. Note that we have D ′ · E ≥ 0, and
By adjunction,
Thus g(E) = 0, so E ∼ = P 1 , and therefore
which is only possible if D ′ · E < 1 + β, or stated another way: if α = (1 − β) is the cone angle/2π along E, then
In particular, if E is disjoint from all other irreducible components of D, then
. 
It follows that g(E) = 0, so E ∼ = P 1 , and 0 ≤ D · E < E 2 + 2 ≤ 1, which is only possible if E 2 = −1 and 0 ≤ D · E < 1. By Theorem 1.2, we have provided an explicit example of a contraction of type (ii ) with
Moreover, this suggests that given a curve E having negative self-intersection, then for sufficiently small cone angle along E, the conical Kähler-Ricci flow may contract E at the singular time for some choices of initial conical Kähler metrics.
We claim that contractions of singular embedded curves do not happen in non-collapsing singularities.
Proposition 7.1. If ω(t) is a maximal solution of the conical Kähler-Ricci flow on a Kähler surface X such that Vol(X, ω(t)) > λ > 0 for all t ∈ [0, T ), and E is a compact irreducible codimension one subvariety such that
Vol(E, ω(t)) → 0 as t → T − , then E is non-singular and isomorphic to P 1 .
Proof. Indeed if E is presumed to be singular, then the adjunction formula on surfaces takes the form
Now, by assumption E satisfies
so E 2 ≤ −1 by the Hodge Index Theorem. Moreover, E satisfies
and E falls into one of the three cases outlined above. In each case we conclude that p a (E) = 0, from which it follows that E ∼ = P 1 and is therefore non-singular [17] .
We wish to outline this conjectural picture in more detail. Let X be a smooth compact Kähler surface, and D = i β i D i a cone divisor with simple normal crossing support and 0 < β i < 1. We may abuse notion by writing D for both the divisor itself and for its support, where context is clear. Now, we begin the conical Kähler-Ricci flow with an initial conic metric on (X, D). Suppose that the conical Kähler-Ricci flow on (X, D) reaches a finite time non-collapsing singularity contracting some collection of curves E 1 , ..., E ℓ . Write E = i E i . Then there is a non-negative current ω T such that as t → T − , ω(t) converges to ω T globally in the sense of currents and smoothly on compact subsets of X \ (D ∪ E). Let (X, d) be the metric completion of (X \ (D ∪ E), ω T ). We conjecture that (X, ω(t)) converges to (X, d) in the Gromov-Hausdorff topology. Furthermore, we conjecture that X is homeomorphic to a projective variety Y , possibly with mild singularities, and that there exists a birational morphism f : X → Y such that f contracts each E i to a point, say f (E i ) = y i ∈ Y , and f is a biholomorphism from
This morphism should correspond precisely to the extremal contraction prescribed by the log minimal model program with scaling of [ω 0 ] (see [2] ). In dimension two, these are always divisorial contractions, but in higher dimensions f may only be a birational transformation such as a flip. If the map comes from the log MMP with scaling, then assuming X is smooth and D has simple normal crossing support, (Y, D ′ ) will have at worst log terminal singularities. In dimension two, this means Y can only have isolated orbifold singularities.
However, D ′ may no longer have simple normal crossing support, and in fact, its irreducible components may no longer even be smooth in general. If D ′ does have simple normal crossing support, we expect that f * ω T defines a conical Kähler metric on Y \ {y 1 , ..., y ℓ } with cone divisor D ′ in the usual sense. That is, f * ω T is a positive current which is a smooth Kähler metric on Y \ (D ′ ∪ {y 1 , ..., y ℓ }), and is quasi-isometric to the standard cone metric along D ′ away from the points {y 1 , ..., y ℓ }.
If D ′ has simple normal crossing support and f * ω T defines a conical metric on (Y \ {y 1 , ..., y ℓ }, D ′ ) in the sense described above, one can hope to continue the conical Kähler-Ricci flow on (Y, D ′ ) in a weak sense, such as in [25] .
If D ′ does not have simple normal crossing support, we still expect f * ω T to be asymptotic to the standard cone metric outside of finitely many points in D ′ which correspond to the singular points on the irreducible components of D ′ and the intersection points which are not simple normal crossing. In this case one would hope to continue the conical Kähler-Ricci flow in a weak sense on (Y, D ′ ). The existence of a solution to such a parabolic flow has not yet been established in sufficient generality.
Further Examples
We now present a specific example where we expect to see a finite time non-collapsing singularity of type (iii ) such that the Gromov-Hausdorff limit is homeomorphic to a smooth projective variety with metric singularities along a divisor without simple normal crossing support, illustrating the phenomena conjectured above.
Specifically, let X be a Hirzebruch surface of degree k with p : X → P 1 the ruled surface map, and π : X → P 2 /Z k the blow-up map centered at the orbifold point y 0 ∈ P 2 /Z k . Let w 1 , ..., w ℓ ∈ P 1 be a finite number of distinct points and F i = p −1 (w i ) be the fibers over each point. Define
to be the cone divisor with 0 < β i < 1, so that 2π(1 − β i ) is the cone angle along F i , and let β = Furthermore, as t → T − , ω(t) → ω T in the sense of currents, with ω T a smooth Kähler metric on X \(D∪D 0 ). If (X, d T ) is the metric completion of (X \(D∪D 0 ), ω T ), then X is homeomorphic to P 2 , π : X → P 2 is the divisorial contraction outlined above, and (X, ω(t)) Gromov-Hausdorff converges to (X, d T ) as t → T − . Define
Then D ′ defines a divisor on P 2 whose support consists of a finite number of hyperplanes passing through the blow-up center and in particular, if ℓ ≥ 3, then D ′ cannot have simple normal crossing support.
Moreover, π * ω T defines a conical Kähler metric on (P 2 \ {y 0 }, D ′ \ {y 0 }) in the sense that π * ω T is a smooth Kähler metric on Y \ D ′ , and for all x ∈ π(F i ), x = y 0 , π * ω T is quasi-isometric to √ −1
in a coordinate patch U ⊂⊂ P 2 \ {y} centered at x with coordinates (z 1 , z 2 ) such that π(F i ) ∩ U = {z 1 = 0}. , and (X, ω(t)) Gromov-Hausdorff converges to a single point at the singularity time, as proved by Liu-Zhang [24] .
(iii) In all other cases, in particular whenever k ≥ 2, we have Vol(X, ω(t)) → 0 and (X, ω(t)) Gromov-Hausdorff converges to a conical Kähler metric on P 1 with cone angle 2π(1 − β i ) at w i for each i.
